In the paper, we consider the question whether a unital full free product of MF algebras with amalgamation over a finite dimensional C*-algebra is an MF algebra. First, we show that, under a natural condition, a unital full free product of two separable residually finite dimensional (RFD) C*-algebras with amalgamation over a finite dimensional C*-algebra is again a separable RFD C*-algebra. Applying this result on MF C*-algebras, we show that, under a natual condition, a unital full free product of two MF algebras is again an MF algebra. As an application, we show that a unital full free product of two AF algebras with amalgamation over an AF algebra is an MF algebra if there are faithful tracial states on each of these two AF algebras such that the restricitions on the common subalgebra agree.
Introduction
The concept of MF algebras was first introduced by Blackadar and Kirchberg in [3] . If a separable C*-algebra A can be embedded into
for a sequence of positive integers {n k } ∞ k=1 , then A is called an MF algebra. Many properties of MF algebras were discussed in [3] . For example, it was shown there that an inductive limit of MF algebras is an MF algebra and every subalgebra of an MF algebra is an MF algebra. This class of C*-algebras is of interest for many reasons. For example, it plays an important role in the classification of C * -algebras and it is connected to the question whether the Ext semigroup, in the sense of Brown, Douglas and Fillmore, of a unital C * -algebra is a group (see the striking result of Haagerup and Thorbjørnsen on Ext(C The class of MF algebras contains all residually finite-dimensional C*-algebras and quasidiagonal C*-algebras. Recall that a C*-algebra is said to be residually finite-dimensional (RFD) if it has a separating family of finite-dimensional representations. In [8] , Choi showed that the full C*-algebra of the free group on two generators is RFD. Later, in [12] , Exel and Loring showed that the unital full free product of two unital RFD C*-algebras is RFD. In the same paper they gave several equivalent conditions for the RFD property. In [1] , Armstrong, Dykema, Exel and Li characterized the RFD property of unital full amalgamated free products of finite dimensional C*-algebras, which extends an earlier result by Brown and Dykema in [5] .
Quasidiagonal operators on separable Hilbert spaces were defined by P. R. Halmos [21] as compact perturbations of block-diagonal operators. A generalized notion of quasidiagonal operators to sets of operators is the concept of quasidiagonal sets of operators. A C*-algebra A is quasidiagonal (QD) if there is a faithful representation ρ such that ρ (A) is a quasidiagonal set of operators. This class of C*-algebras has been studied for more than 30 years. In [4] , it has been shown that a full free product of two unital QD C*-algebras amalgamated over units is QD.
In this paper, we consider the question whether a unital full amalgamated free product of two RFD C*-algebras, or two MF algebras, with amalgamation over a common C*-algebra is, again, an RFD C*-algebra, or an MF algebra respectively. One example (see Example 2.1) is given to show that the answer to this general question is no. Under natural restrictions, we are able to provide an affirmative answer when we consider a unital full free product of two MF algebras (or two RFD C*-algebras, two QD C*-algebras) with amalgamation over a full matrix algebra. Our main results about unital RFD C*-algebras are as follows: When the common C*-algebra D is an AF algebra, we obtain following results. A brief overview of this paper is as follows. In Section 2, we recall the definitions of MF algebras and unital full amalgamated free product of unital C*-algebas. One example is given at the end of the section to show that a unital full amalgamated free product of unital MF (or RFD, QD) algebras may not be MF (or RFD, QD) again. Section 3 contains definitions and some basic properties of quasidiagonal operators, quasidiagonal sets of operators and QD C*-algebras. This section is designed to make the paper self-contained. Section 4 is devoted to results on the full amalgamated free products of unital RFD C*-algebras. In Section 5, we first consider unital full free products of unital MF algebras with amalgamation over finite-dimensional C*-subalgebras. Then we consider the case when a common unital C*-subalgebra is an infinite-dimensional C*-algebra. More precisely, we consider a case when the common unital C*-subalgebra is an AF algebra.
Definitions and Preliminaries

Noncommutative polynomials
In this article, we always assume that all C*-algebras are unital separable C * -algebras. We use notation C*(x 1 , x 2, · · · ) to denote the unital C*-algebra generated by {x 1 , x 2 , · · · } . Let C X 1 , . . . , X n be the set of all noncommutative polynomials in the indeterminants X 1 , . . . , X n . Let C Q = Q + iQ denote the complex-rational numbers, i.e., the numbers whose real and imaginary parts are rational. Then the set C Q X 1 , . . . , X n of noncommutative polynomials with complex-rational coefficients is countable. Throughout this paper we write
be the collection of all noncommutative polynomials in C Q X 1 , X 2 , · · · with rational complex coefficients.
Blackadar and Kirchberg's MF Algebras
We will recall an equivalent definition of MF algebras and some basic properties. Let us fix notations first. We assume that H is a separable complex Hilbert space and B(H) is the set of all bounded operators on H. Suppose {x,
is a family of elements in B(H). We say x k → x in * -SOT ( * -strong operator topology) if and only if x k → x in SOT and x * k → x * in SOT. Suppose {x 1 , . . . , x n } and {x
are families of elements in B(H). We say
Suppose A is a separable unital C*-algebra on a Hilbert space H. Let H ∞ = ⊕ N H and, for any x ∈ A, let x ∞ be the element
is the k-th copy of A.
is a sequence of complex matrix algebras. We introduce the C*-direct product
as follows:
Furthermore, we can introduce a norm-closed two sided ideal in ∞ n=1 M kn (C) as follows:
Let π be the quotient map from
Now we are ready to recall an equivalent definition of MF algebras given by Blackadar and Kirchberg [3] . 
The following Theorem is one of the key ingredients for showing our main results in this paper. 
where C X 1 , . . . , X n is the set of all noncommutative polynomials in the indeterminants X 1 , . . . , X n .
The examples of MF algebras contain all finite dimensional C*-algebras, AF (approximately finite dimensional) algebras and quasidiagonal C*-algebras. In [14] , Haagerup and Thorbjφrnsen showed that C * r (F n ) is an MF algebra for n ≥ 2. For more examples of MF algebras, we refer the reader to [3] and [19] .
Definition of Full Amalgamated Free Products of Unital C*-algebras
Recall the definition of full amalgamated free product of unital C*-algebras as follows. 
Definition 2.2 Given C*-algebras
and satisfying the universal property that whenever E is a C*-algebra and π A : A → E and π B : B → E are * -homomorphisms
When D = CI, the above definition is the unital full free product A * C B of A and B. The following theorem is certainly well-known, and we will give its proof for the purpose of completeness. 
Proof. From the definition of unital full free product, we can get two natural unital embeddings such that q • π 1 = q 1 and q • π 2 = q 2 . The desired conclusion now follows from the definition of full amalgamated free products of unital C*-algebras. Combining the following Theorem and preceding result, we are able to obtain our first result about unital full amalgamated free product of MF algebras, that is Proposition 2.1. Recall that a separable C*-algebra R is said to be residually finite-dimensional (RFD) if for each x ∈ R there exists a *-homomorphism π : R → B such that dim (B) < ∞ and π (x) = 0. It is easy to see that such algebras have a faithful representation whose image is a block diagonal set of operators. The Proposition 2.1 is stated for unital MF algebras, but same conclusion holds when we consider unital RFD C*-algebras or unital quasidiagonal C*-algebras (we will recall the definition of quasidiagonal C*-algebra later). In [12] , Exel and Loring showed that the unital full free product of two RFD C*-algebra is RFD, which extends an earlier result by Choi in [8] . In [4] , Boca showed that the unital full free product of two quasidiagonal C*-algebras is also quasidiagonal. The analogous result for MF algebras is given in [15] . Lemma 2.1 characterizes when a full amalgamated free product of finite dimensional C*-algebras is RFD, which extends an earlier result by Brown and Dykema in [5] . So from Proposition 2.1 and the above results, it is natural to ask whether a full amalgamated free product of unital MF (or RFD, quasidiagonal) algebras is always MF (or RFD, quasidiagonal). For the case when D is *-isomorphic to a full matrix algebra, we know that A * D B is MF (or RFD, quasidiagonal) if and only if A and B are both MF (or RFD, quasidiagonal) by Proposition 2.1. But the following example shows that a full amalgamated free product of two MF (or RFD, quasidiagonal) algebras may not be MF (or RFD, quasidiagonal) again, even for two full matrix algebras with amalgamation over the two dimensional C*-algebra C ⊕ C.
are unital embeddings such that 
Basic Properties of Quasidiagonal Algebras
The proof of one of our main theorems is based on the understanding of quasidiagonal C*-algebras. Therefore, we will recall some results about quasidiagonal C*-algebras for the reader's convenience, but we will not give their proofs. We refer the reader to [6] for a comprehensive treatment of this important class of C*-algebras.
is called a quasidiagonal set of operators if for each finite set S ⊂ Ω, finite set F ⊂ H and ε > 0 there exists a finite rank projection P ∈ B(H) such that SP − P S ≤ ε and P x − x ≤ ε for all S ∈ S and x ∈ F.
Definition 3.2 A C*-algebra A is called quasidiagonal (QD) if there exists a faithful representation π : A → B(H) such that π (A) is a quasidiagonal set of operators.
Definition 3.3 Let π : A → B(H) be a faithful representation of a C*-algebra A. Then π is called essential if π(A) contains no nonzero finite rank operators.
The next lemma is a fundamental result about representations of quasidiagonal C*-algebras.
Lemma 3.1 (Theorem 1.7, [25]) Let π : A → B(H) be a faithful essential representation. Then A is quasidiagonal if and only if π(A) is a quasidiagonal set of operators.
The following lemma is an important ingredient in the proof of Proposition 5.1.
Lemma 3.2 (Lemma 2.1, [19]) Suppose that A ⊂ B(H) is a separable unital
quasidiagonal C*-algebra and x 1 , · · · , x n are self-adjoint elements in A. For any ε > 0, any finite subset {f 1 , · · · , f r } of C X 1 , · · · , X n and any finite subset
Using Lemma 3.2, it is easy to see that all quasidiagonal C*-algebras are MF algebras. The examples of quasidiagonal C*-algebras include all abelian C*-algebras and finite-dimensional C*-algebras as well as residually finite-dimensional C*-algebras.
Full Amalgamated Free Products of RFD C*-algebras
First, we will give the following well-known lemma. For completeness, we include the proof.
Lemma 4.1 Given 0 < ǫ < 1 and n ∈ N. For any two families of n pairwise orthogonal projections {P 1 , · · · , P n } and
Therefore X is invertible and X * X ≥ 1−δ. Assume that X = U |X| is the polar decomposition of X where |X| = (X * X) 1 2 and U is a partial isometry. Since X is invertible, we may assume that U is a unitary without loss of generality. So it is not hard to see that
Meanwhile, we have X * X ≤ 1 from the construction of X and the fact that {P 1 , · · · , P n } and {Q 1 , · · · , Q n } are two families of n pairwise orthogonal projections respectively. Therefore we have that
Therefore U P i U * = Q i for 1 ≤ i ≤ n as desired. The following lemma is a useful result concerning the representations of separable C*-algebras. First, we need to recall that the rank of an operator T ∈ B (H) , denoted by rank(T ) , is the dimension of the closure of the range of T.
Lemma 4.2 (Theorem II.5.8., [10] ) Let A be a separable unital C*-algebra and π i : A → B (H i ) be unital *-representations for i = 1, 2. Then there exists a sequence of unitaries U m :
for all a ∈ A if and only if rank (π 1 (a)) = rank (π 2 (a)) for all a ∈ A. Definition 4.1 Suppose H is a separable Hilbert space and F ⊆ H. For given ǫ > 0, we say that
The following Lemma is a technical result. 
We can construct a representation ρ
We need one more technical result for showing our main results in this section. 
Lemma 4.4 Let A ⊇ D ⊆ B be unital inclusions of C*-algebras in
for each i ∈ {1, · · · , t}. Without loss of generality we can assume that, for each m ∈ N, there is a V m and ǫ m such that V m − I < ǫ m and
Meanwhile, we still have 
Sequentially, we can find F 3 l3 and G 3 l3 satisfying
where ξ 
So from the above construction, we can find a sequence ρ 
This will suffice to show that A * D B is RFD. Write x = w 1 + · · · + w M as the sum of finitely many words w i in A and B. Assume ξ ∈ H is a unit vector such that Φ (x) ξ ≥ ξ − ǫ 2 . We will show that for every i ∈ {1, · · · , M } , there is
The following lemma can be found in [5] . Combining previous lemmas and the lemma below, we are able to state and prove our main result about unital RFD algebras. B is RFD, it is sufficient to show that P AP * P DP P BP is RFD by Lemma 4.5 and Lemma 2.1 in [5] . Since P DP is a finite-dimensional abelian C*-algebra. Then the desired result follows from Proposition 4.1. 
Remark 4.1 Suppose A is a unital C*-algebra and suppose there is a projection p ∈ A and there are partial isometries
v 1 , · · · , v n ∈ A such that v * i v i ≤ p and n i=1 v i v * i = 1 − p
. By emulating the argument in the proof of Lemma 2.1 in [5], we know that A is MF if and only if pAp is MF.
D ψ A ֒→ A ψ B ↓ ↓ q1 B q2 ֒→ ∞ m=1 M km (C) Proof. If A * D B is RFD,
Corollary 4.1 Suppose that A is RFD and D is a unital finite-dimensional C*-subalgebra of
1 : M k (C) → M n (C) and q 2 : M l (C) → M n (C) such that q 1 | D = q 2 | D . It
implies that there is a commutative diagram which is same as the one in Theorem 4.1. Therefore
In fact, this result has been proved in [5] .
Remark 4.2 From the previous example and the fact that every MF algebra has a tracial state, it is not hard to see that
is an MF algebra.
Full Amalgamated Free Product of Unital MFAlgebras
D Is A Finite-dimensional C*-algebra
In this subsection, we consider unital full free products of unital MF algebras with amalgamation over finite-dimensional C*-algebras. To state and prove our main result, we need following lemmas.
Lemma 5.1 Suppose A =C*(x 1 , x 2 , · · · ) and B =C*(y 1 , y 2 , · · · ) are unital C*-algebras. Then there is a unital *-homomorphism from A to B sending each x k to y k , if and only if, for each * -polynomial P ∈ C Q X 1 , X 2 , · · · , we have
The following lemma is a generalized version of Lemma 4.2. 
then there is a sequence {U n } of unitary operators, U n :
The following lemma can be found in [13] , which concerns some elementary and useful facts about elements in ultraproducts of C*-algebras and their representatives. 
To show our main result, we need the following technical results. 
Lemma 5.4 Let A ⊃ D ⊂ B be unital inclusions of MF-algebras. Suppose that D is a finite-dimensional abelian C*-algebra generated by a family {z
1 , z 2 , · · · z l } of self
-adjoint elements, and A is generated by a family {x
is an RFD C*-algebra for each m ∈ N, and
Proof. Without loss of generality, we suppose that z 1 , · · · z l are orthogonal projections with
z i = I and
From Lemma 2.1, we may assume that for each i ∈ N, j ∈ {1, · · · , l}, there are families
If r is large enough, we can assume that D 
and 
for each 1 ≤ s ≤ 2r by (5.6), and
for each 1 ≤ t ≤ 2r by (5.7). Combining with (5.8) and (5.9), we have
and
be C*-algebras in r Nr
M kr (C) and
be unital finite-dimensional C*-subalgebras of A Nr and B Nr . Since B Nr is an RFD C*-algebra and then, for every m ∈ N, i ∈ N, j ∈ {1, · · · , l}, we have is *-isomorphic to the C*-algebra
we have
is an RFD C*-algebra for each m ∈ N. We also get
by (5.16), (5.17), (5.18) and (5.19) .
The next proposition is a key ingredient for proving our main theorem in this subsection. 
as well as
Proof. Suppose z 1 , · · · z l are orthogonal projections with l i=1 z i = I and
Assume {e 1 , e 2 , · · · } is a family of orthonormal basis of H. With notations as in Lemma 5.4, for a large enough integer r and a subset {e 1 , · · · , e r } ⊆ {e 1 , e 2 · · · }, there is an integer M such that, for 1 ≤ i ≤ r, j ∈ {1, · · · , l} and 1
is a family of selfadjoint elements in B (H) from the proof of Lemma 5.4. So, by Lemma 3.2 and the fact that
,r is a QD algebra (actually it is RFD C*-algebra), there is a projection P r ∈ B(H) such that, for
as well as and W r P r = W r . It follows that, for 1 ≤ i ≤ r, j ∈ {1, · · · , l} and 1 ≤ k ≤ r, we have 
for i ∈ N, j ∈ {1, · · · , l} and
Now we are ready to show our main result in this subsection. 
of integers such that the following diagram commutes
B is an MF algebra, then there is a unital embedding
for a sequence {k n } ∞ n=1 of integers. Let q 1 and q 2 be the restrictions of Φ on A and B respectively. Then the above diagram is commutative.
Conversely, suppose D, A and B are generated by families
respectively with x i = y i = z j = 1 for each i ∈ N and j ∈ {1, · · · , l}. By Remark 4.1, we may assume that D is a finite-dimensional abelian C*-algebra and z 1 , · · · z l are orthogonal projections with 
Therefore, we can define unital embeddings
, and
From the definition of full amalgamated free product, there is a * -homomorphism
where i ∈ N and j ∈ {1, · · · , l} . Furthermore, for any
(5.38)
Meanwhile,
and therefore 
The following corollary is an easy consequence of Theorem 5.1. Proof. Let
Suppose C*-algebras A and B are generated by families
of self-adjoint elements and
of self-adjoint elements respectively. Without loss of generality, we may assume that A and B can be embedded as unital C*-subalgebras of 
is MF by Theorem 5.1.
D Is An Infinite-dimensional C*-algebra
In this subsection, we consider the case when D is an infinite-dimensional C*-algebra. More precisely, we consider the case when D can be written as a norm closure of the union of an increasing sequence of C*-algebras. Consider the unital C * -algebra
From Corollary 3.4.3 in [3] and the fact that, for each k ≥ 1, A * D k B is an MF algebra, we know that every separable C
Let Q be the unital C * -subalgebra generated by
Thus Q is an MF algebra.
Next we shall show that there is a * -isomorphic from Q onto A * D B by sending each a n to σ(x n ) and b n to ρ(y n ). This will induce that A * D B is also an MF algebra. In order to obtain such * -isomorphism from Q onto A * D B, it suffices to show that ∀ N ∈ N and ∀ P ∈ C X 1 , . . By the definition of full amalgamated free product, we know, for each k ≥ 1, there is a * -homomorphism from A * D k B to A * D B, which send σ k (x n ) to σ(x n ) and ρ k (y n ) to ρ(y n ) respectively, for every n ∈ N. Hence 
for all ε > 0.
Thus we obtain that [(σ k (z)) k ] = [(ρ k (z)) k ]. Now it follows from the definitions of full amalgamated free product and of the C * -algebra Q, together with the fact that [(σ k (z)) k ] = [(ρ k (z)) k ] for every z ∈ D, we know there is a * -homomorphism from A * D B onto Q, which maps each σ(x n ), ρ(y n ) to a n , b n respectively for n ∈ N. Therefore, Once we get the preceding theorem, we are ready to consider the case when D is an AF algebra. The following theorem is an analogous result to Theorem 5.1 
commutes. Note that D is an AF algebra, therefore there is an increasing sequence of unital finite-dimensional C * -subalgebra {D p } p≥1 of D such that ∪ p D p is norm dense in D. By the choice of each D p , we know that the diagram, for each p ≥ 1,
commutes. By Theorem 5.1, we obtain that A * Dp B is an MF algebra for each p ≥ 1. Now it follows from Theorem 5.2 that A * D B is an MF algebra.
Since every AF algebra has a faithful tracial state, we are able to consider the case when A, B and D are all AF algebras and give a sufficient condition in terms of faithful tracial states. It is well-known that the tracial state on each UHF algebra is unique. Therefore we can restate Theorem 5.4 when A, B are both UHF algebras and D is an AF algebra. A necessary and sufficient condition can be given in this case. Proof. From the fact that every MF algebra has a tracial state and the tracial state on UHF algebra is unique and faithful, one direction of the proof is obvious. Another direction is followed by applying Theorem 5.4.
